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Abstract

We study a sealed-bid auction between two bidders who own asymmetric
shares in a partnership. Valuations are private and independent. The higher
bidder buys the lower bidder’s shares at a per-unit price that is a convex com-
bination of the two bids. The weight of the lower bid is denoted by k € [0, 1].
We partially characterize equilibrium strategies and show that they are closely
related to equilibrium strategies of two well-studied mechanisms: the double
auction between a buyer and a seller and the first-price auction between two
buyers (or two sellers). Combining results from those two branches of the lit-
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1 Introduction

Consider an auction where the highest bidder wins and pays a convex combination
of the highest and second highest bid. Denoting the weight on the second highest
bid by k € [0, 1], we may call this a k + 1-price auction. Unlike in a standard auction,
however, the proceeds of the auction are not collected by a seller but are distributed
among all bidders according to exogenously specified shares. Hence, each bidder
receives a benefit in proportion to the price paid by the winner.

The k + 1-price auction has various applications. According to Engelbrecht-Wig-
gans (1994) this mechanism is sometimes used in Amish estate sales or for sharing
the spoils of a bidding ring among its members. Burkart (1995) as well as Bulow,
Huang, and Klemperer (1999), among others, model takeover battles between bid-
ders that own toeholds in the takeover target as k + 1-price auctions with k € {0, 1}.
Moreover, k + 1-price auctions with symmetric revenue shares have been repeatedly
proposed as a dissolution mechanism for partnerships.! Rather than assuming such
an auction to be explicitly imposed as dissolution mechanism, we could also think of
it, e.g. with k = %, as a simple model of bargaining between two partners who eventu-
ally agree on partnership shares being traded at a per-unit price equal to the average
of what they initially claimed them to be worth.

In models of auctions for raising money for charity, a bidder’s utility is often as-
sumed to depend not only on the allocation of the good that is auctioned and on
his payment, but also on the total revenue raised. If the utility function is linear in
the auction revenue, as for example in Goeree et al. (2005) and Engers and McManus
(2007), a charity auction where the winner pays a convex combination of the highest
and the second highest bid is equivalent to a k + 1-price auction.?

In the applications mentioned above, we may frequently encounter asymmetries,
especially with respect to the shares: the size of toeholds may vary among bidders in
a takeover, partners often hold different amounts of shares in a partnership, and par-
ticipants in a charity event may differ in their degree of altruism. Despite the impor-
tance of such asymmetries, the literature has been largely focusing on settings where
all bidders obtain the same share of the auction revenue. As the main contribution

1See, e.g., Cramton, Gibbons, and Klemperer (1987) or McAfee (1992).

2These are examples of auctions with linear financial externalities. Such externalities also occur
when bidders have cross shareholdings as in Dasgupta and Tsui (2004) or Chillemi (2005). There,
rather than depending on the auction revenue, each bidder’s payoff is proportional to the individual
surplus of the winner. For a general treatment of linear financial externalities see Lu (2011)
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of this paper, we provide an analysis of asymmetric shares.

Myerson and Satterthwaite (1983) study bilateral trading mechanisms where a
seller and a buyer interact, both having private information. A simple mechanism
in their framework is the k-double auction: both the seller and the buyer submit a
sealed bid and if the buyer’s bid is higher than the seller’s, the good is traded at a
price equal to a convex combination of the two bids (determined by the parameter
k). Starting with Chatterjee and Samuelson (1983), the k-double has received much
attention in the literature. Considering partnership dissolution Cramton, Gibbons,
and Klemperer (1987) extend the analysis of Myerson and Satterthwaite (1983) to a
setting with distributed ownership. The k + 1-price auction is a straightforward ex-
tension of the k-double auction to the framework of Cramton, Gibbons, and Klem-
perer. In contrast to the k-double auction, however, the k + 1-price auction is not
well understood except for the special case where ownership shares are symmetric.
In this paper we take a first step towards filling this gap.

We analyze the k + 1-price auction for k € [0, 1] with two bidders, private values,
and asymmetric shares. We present the model in the context of partnership dissolu-
tion. Nevertheless, the main results are relevant also for other applications such as
takeovers or charity. When considering partnerships we may interpret the k+1-price
auction as determining the per-unit price of a share and the direction of trade, i.e.,
which partner is to sell his share to the other partner. With asymmetric shares, one
partner owns more and the other less than 50% of the partnership, so that we may
refer to them as the majority and the minority owner, respectively.

We restrict our attention to Bayesian Nash equilibria in continuous and strictly
increasing pure strategies. In equilibrium a bidder with a low valuation overbids,
whereas a bidder with a high valuation engages in bid shading. When having a low
valuation, the probability of winning the auction is relatively small, such that a bid-
der aims at driving up the price his opponent has to pay when winning. By contrast,
a high-valuation bidder expects to win and therefore shades his bid in order to lower
the price he will have to pay. Owing to the asymmetry in shares, the extent of over-
bidding and bid shading differs between the two bidders. For the majority owner, the
price he obtains for his large share when losing is relatively more important than the
price at which he buys the small share from the other bidder when winning. Com-
pared to the minority owner, the majority owner has a stronger incentive to overbid.
Consequently, the majority owner bids more aggressively than the minority owner.

3Kittsteiner (2003), among others, uses the name k-double auction also for the k+1-price auction.
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In equilibrium, the two bidders choose their bids from the same range but, for
a given type, the majority owner’s bid lies above the minority owner’s (except at the
boundaries of the support). Since for the majority owner the range of types that over-
bid is larger than for the minority owner, we may divide the range of bids in a given
equilibrium into three parts: High bids are submitted by bid shading types of both
bidders, intermediate bids come from overbidding types of the majority owner and
bid shading types of the minority owner, and when submitting low bids both bidders
overbid. Equilibrium strategies make sure that no type can benefit from slightly in-
creasing or decreasing his bid. Hence, the bid of a given type is locally determined
by the behavior of types of the opponent that submit similar bids. Those types that
bid in the highest part of the range of equilibrium bids are in a similar situation as
in a standard first-price auction between two buyers: they find it optimal to shade
their bids while competing with types of the opponent that do the same. Similarly,
the mutual overbidding in the part with the lowest bids reminds of two sellers in a
first-price procurement auction. For the intermediate range of equilibrium bids, the
interaction resembles that in a double auction between an overbidding seller and a
bid shading buyer.

As suggested by the above intuition, there is indeed a direct link to first-price and
double auctions. We show that a k-double auction between a buyer and a seller can
be constructed for which equilibrium strategies are equivalent to those for the inter-
mediate range of bids in the k + 1-price auction. In a similar manner, an asymmetric
first-price auction with a reserve price can be found where equilibrium strategies
are equivalent to those in the upper and lower range of bids in the k + 1-price auc-
tion. This enables us to prove existence of an equilibrium by combining results by
Satterthwaite and Williams (1989) for the k-double auction and by Lebrun (1999,
2006) for the first-price auction. Moreover, we find that there is a continuum of
Bayesian Nash equilibria in continuous and strictly increasing strategies if k € (0, 1).
If k € {0,1}, however, the pure-strategy Bayesian Nash equilibrium is unique.

The papers most closely related to ours, in that they also consider asymmetric
k + 1-price auctions, are Bulow, Huang, and Klemperer (1999), de Frutos (2000), and
Bos (2010). They all restrict attention to k € {0, 1}. Studying takeovers, Bulow, Huang,
and Klemperer (1999) consider asymmetric shares like us, but assume common val-
ues, which allows them to express equilibrium strategies in closed form. By con-
trast, our model of independent private values does not admit closed form solutions.
Bos (2010) considers asymmetric shares and uniformly distributed private values in



a charity setting, focusing on comparing the revenue in the k 4 1-price auction with
k =0 to that in the all-pay auction.

In de Frutos (2000) shares are symmetric but the distribution of valuations differs
across bidders. For k € {0, 1}, de Frutos proves that there is a unique equilibrium, by
making use of Lebrun (1999) in a similar way as we do in this paper. It turns out that
our approach of combining results by Satterthwaite and Williams (1989) and Lebrun
(2006) is also applicable to de Frutos’ setting. We thus extend her analysis and show
that if k € (0,1), there is a continuum of equilibria for the k + 1-price auction where
one bidder’s distribution of valuations dominates the other bidder’s in terms of the
hazard and the reverse hazard rate. In addition, we find that for every k+1-price auc-
tion with asymmetric shares there is a k+1-price auction with asymmetric valuations
such that continuous and strictly increasing equilibrium strategies coincide.

The study of symmetric k + 1-price auctions with k € [0,1] goes at least back
to Cramton, Gibbons, and Klemperer (1987) who establish it as a mechanism suit-
able for dissolving equal-share partnerships. They were inspired by the split-the-
difference mechanism in Samuelson (1985), which corresponds to setting k = % For
k € {0,1}, equilibrium bidding is further studied by Engelbrecht-Wiggans (1994) in
a model of interdependent valuations and by Maasland and Onderstal (2007) when
there is areserve price. Kittsteiner (2003) examines the more general case of k € [0, 1],
proving uniqueness of the equilibrium.

As we show in this paper, the uniqueness result of Kittsteiner (2003) is not ro-
bust with respect to asymmetries among bidders. With k € (0, 1) and private values,
already a slight deviation from the case of symmetric shares and symmetric priors
gives rise to a multiplicity of equilibria. Kittsteiner observes that his uniqueness re-
sult under distributed ownership is in contrast to the setting where one partner owns
100% of the partnership, i.e., a k-double auction between a seller and a buyer, which
is known for having many different equilibria if k € (0,1). Our result points out that
distributed ownership, per se, does not prevent equilibrium multiplicity.

When, as in our case, equilibrium strategies can in general not be expressed in
closed form, additional insights may be gained from numerical simulations. Also
for this purpose, our finding that relates the k + 1-price auction to two well-studied
mechanisms is very useful. It implies that when simulating the k + 1-price auction
we can make use of existing algorithms for double and first-price auctions.

In the private-values partnership framework of Cramton, Gibbons, and Klem-
perer (1987) a dissolution mechanism needs to satisfy ex post budget balance and



interim individual rationality. Cramton, Gibbons and Klemperer find that ex post ef-
ficient dissolution is possible only if shares are not too asymmetric.* Chien (2007)
characterizes the incentive efficient mechanism that maximizes the expected gains
from trade for all asymmetric partnerships. As its main disadvantage, the incentive
efficient dissolution mechanism is not detail-free: its rules depend on the distribu-
tion of valuations. In practice, such detailed information on the environment is often
not available to the designer. To address this problem, one could think of a mecha-
nism that asks agents to report, in addition to their types, also their beliefs concern-
ing the types of their partners. Of course, this would increase the complexity of the
rules considerably, possibly preventing this mechanism from being implemented.
Hence, dissolution mechanisms that are both simple and detail-free are called for.
McAfee (1992) studies such mechanisms for equal-share partnerships.

The k + 1-price auction is a simple and detail-free dissolution mechanism for
asymmetric partnerships with private values. As the majority owner bids more ag-
gressively than the minority owner, the allocation is not ex post efficient.®> Yet nu-
merical results for uniformly distributed valuations suggest that the gains from trade
in the unique equilibrium for k € {0,1} are not much lower than those of the incen-
tive efficient mechanism. For k € (0,1) there are equilibria that lead to even higher
gains from trade than for k € {0,1}. Moreover, for all k € [0, 1], there are equilibria
that, in terms of expected gains from trade, outperform the buy-sell clause, another
simple and detail-free dissolution mechanism which is used in practice.

The paper is organized as follows. Section 2 describes the model. In Section 3
we partially characterize equilibrium bidding. In Section 4 we show that equilibrium
bidding is closely related to the equilibria of two well-known mechanisms, allowing
us to establish equilibrium existence as well as multiplicity and uniqueness, respec-
tively. Special cases such as uniformly distributed valuations and symmetric as well
as extremely asymmetric shares are considered in Section 5. Section 6 discusses the
performance of the k + 1-price auction as a mechanism for partnership dissolution,
assuming uniformly distributed valuations. In Section 7 we allow for the distribution
of valuations to differ across bidders. Section 8 concludes. Some of the proofs are
relegated to the Appendix.

4For symmetric shares, Fieseler, Kittsteiner, and Moldovanu (2003) consider interdependent val-
ues and Galavotti, Muto, and Oyama (2011) study the effect of imposing ex post individual rationality.

5Indeed, Athanassoglou, Brams, and Sethuraman (2010) show that ex post efficiency cannot be
achieved by any mechanism where the per-unit price of the partnership is determined from bids in-
dependently of the bidders’ identities.



2 The Model

There are two risk-neutral partners who jointly own a single indivisible object. Part-
ner i € {1,2} owns share @; in the partnership with 1 > a; >a; >0and a; +a, = 1.
Partner i’s valuation v; for the object is his private information. It is common knowl-
edge that v, v, are independent realizations of the random variable V that is contin-
uously distributed according to F with support [0, 1]. F has a continuous and strictly
positive density f := F’. Moreover, we assume virtual valuations to be increasing, i.e.,

d F(v) d 1-F(v)
(v gm)ze = a )= v

Owning share «; of the object generates utility «; v; for partner i.

The following auction is used to dissolve the partnership and assign sole owner-
ship to one of the partners. Each partner i submits a sealed bid b;. The bidder with
the higher bid gets the object and pays the price

p :(1 - k)max{blr b2}+ kmln{bhbz}

where k € [0,1]. Each bidder i obtains a; of the revenue p generated by this k + 1-
price auction. If both bidders submit the same bid, the partnership is left intact and
no payments are made.® Bidder i’s ex post net payoff when bidding b; while j bids b;
therefore amounts to

(1—a;) (vi—(1—k)b; —kb;) ifb; > b,
u,-(vl-,bl-,bj):= 0 ifbi:bj, (2)

a; (1= k)bj + kb —v;) if b; < b;.
Throughout, we will focus on pure-strategy equilibria of the Bayesian game de-
fined by types vy, v,, actions by, b, and payoffs u;, u,. A pure strategy for player i is a

function f; : [0, 1] — R such that ;(v;) denotes the bid i places if he has valuation v;.
In a pure-strategy Bayesian Nash equilibrium, equilibrium strategies 3, B, satisfy

/J’i(vi)Eargrr}?axE[ui(v,-,bi,/J’j(V))] Vv;€[0,1],i=1,2and j #1i. 3)

6This is equivalent to assuming that the partnership is also dissolved when bids are equal, with
bidder i being selected as the winner with probability ;. Note that our our results will not rely on this
specific tie-breaking rule. In the class of equilibria we will focus on, ties occur with probability zero.
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Looking at players’ payoffs as defined in (2), we can make the following observa-
tion. This result will be very useful throughout the paper.

Proposition 1. The Bayesian games induced by the following auctions are equivalent:

1. Ak +1-price auction with shares a;, a, and values that are realizations of V.

2. A2 — k-price auction with shares &, := ,, @, := @1, values that are realizations
of V:=1—V, and where bidders’ actions are modified as follows: a bidder who
wants to place the bid b is asked to submit the number 1 — b instead of directly
announcingb.

Proof. Ina k+1-price auction with shares a,, a, player i’s ex post payoffis u;(v,b;, b;)
as defined in (2). Similarly, let @t;(v, b;, b;) denote i’s payoff in a k + 1-price auction
with shares @;,@,. Observe that if k =1 — k and @; = 1 — a;, we have u;(v,b;,b;) =
i;(1-v,1-b;,1-b;). Hence, if types in the second auction are realizations of V=
1—V and players’ actions are changed from submitting a bid to submitting a number
that is equal to 1 minus the intended bid, the two auctions induce the same Bayesian
game. ([

For a specific class of distributions F, a direct implication of Proposition 1 is that
the k + 1- and 2 — k-price auction are equivalent in terms of the ex ante expected
gains from trade, i.e., the sum of the ex ante expected payoffs of the two players, they
realize. Indeed, if the density f is symmetric about the mean, V and 1 — V follow the
same distribution

Corollary 1. Suppose valuations are drawn from a distribution with a symmetric den-
sity f, i.e., f(v)= f(1 —v)Vv. Then, for every Bayesian Nash equilibrium of the k +1-
price auction there is a Bayesian Nash equilibrium of the 2— k - price auction that yields
the same ex ante expected gains from trade.

Moreover, Proposition 1 also has the following direct implications for pure strate-
gies that form a Bayesian Nash equilibrium.

Corollary 2. Ifthe k+1-price auction with types drawn from F(v) has a pure-strategy
Bayesian Nash equilibrium where players bid according to B1(v) and B.(v), then the
2 — k-price auction with types drawn from F(v) := 1 — F(1 — v) has a pure-strategy
Bayesian Nash equilibrium where players bid according to p,(v) := 1 — B,(1 — v) and
Bo(v):=1-Bi(1—v).

On several occasions below, Corollary 2 will allow us to apply results for a specific
k = k also to the case where k =1 — k.



3 Equilibrium Characterization

An important property of the equilibrium strategies is that the bids for the highest
and lowest possible valuation must be the same for both bidders, that is £;(1) = (1)
and S,(0) = B,(0). Suppose this was not the case, e.g., $1(1) > B.(1). Then bidder 1
with valuation 1 would want to deviate and reduce his bid to a value just above £,(1)
since by doing so he would still win the auction with certainty but would have to
pay a lower price. A more rigorous reasoning is given in the proof to the following
lemma.’

Lemma 1. For every Bayesian Nash equilibrium in pure strategies [, ., there exist
b < b such that

Bi(0)=p2(0)=b, pi(1)=Po(1)=b, and Bi(v)€[b,b]Vv,i=1,2.

Moreover,
=0 k=0, -] <1 ke<[0,1),
b Jor and b Jor kel0.1)
| >0 for ke(0,1] =1 for k=1.
Proof. See Appendix A.1. O

If either k =0 or k =1, equilibrium strategies can be narrowed down further.

Lemma 2. For k € {0,1}, equilibrium strategies ,(v) and B,(v) must be continuous
and strictly increasingin v.

Proof. See Appendix A.2. O

Although we do not exclude the possibility of other equilibria when k €(0,1), we
will exclusively look for equilibria in continuous and strictly increasing strategies. We
hence assume for now that there are continuous and strictly increasing equilibrium
bidding strategies f:(v), B-(v). In the following, we will further characterize such
equilibria, whereas we will prove their existence in the next section. It is useful to

define the inverse bidding strategy ¢;(b) := ;"

; (b). From the perspective of bidder i,

"The proofs of Lemmata 1 and 2 make use of some arguments that are common in auction theory
and can be traced back to Griesmer, Levitan, and Shubik (1967). In the context of k + 1-price auctions
related statements can also be found in Bulow, Huang, and Klemperer (1999), de Frutos (2000), and
Kittsteiner (2003).



bidder j’s bids are then distributed according to F(¢;(b)). Using (2) we obtain for
bidder i’s interim expected payoff

[ x dF(;(x))
E[us(v b, (V)] = @001~ @) | v == K)b — k=
[} x dF(g;(x)
+(1-F(¢;(b)) a; =BT —my TR

The first order condition of the maximization problem (3) amounts to®

CERCBEN = (v - b) f(¢; (b)) (b) — (1 — @ )(1 = k) + @i k) F(;(b)) + ik =0. (&)

Using the fact that in equilibrium v = ¢;(b), we establish the following lemma.

Lemma 3. For every Bayesian Nash equilibrium in continuous and strictly increasing
pure strategies B\, 32, the inverse bidding strategies ¢1(b) = ;' (b), ¢2(b) = B, ' (b) are,
for every b where ¢ ;(b) # b, solutions to the system of differential equations

(1 —a))A-k)+aik)F(¢;(b))—aik
(¢:(b)—b) f(¢;(b))

¢ (b)= fori,j=1,2andi#j (5

with boundary conditions
¢1(b)=@2(b)=0 and ¢1(E): ¢2(E): 1. (6)

Proof. We obtain (5) from the first order condition (4), wheras Lemma 1 implies (6).
JE[ui(v,b,B;(V))]

We are left to show that the condition =

=0 is sufficient for a global
b=pi(v)
maximum of i’s expected utility. From

02E[ui(v,b, B;(V))]
dvdb

= f($;(b)g}(b)>0  Vv,b

/ 9E[ui(v,b,fi(V))]
and f;(v) > 0 follows that ——~— > (<)o for all b < (>)B;(v). Consequently,

E[u;(v,b, B;(V))] is globally maximized at b = ;(v) or, equivalently, if v = ¢;(b). O

8Note that since we consider (inverse) bidding strategies that are continuous and strictly increas-
ing, they are differentiable almost everywhere.
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For the equilibrium strategies defined in Lemma 3 there is no closed form solu-
tion. Yet, further properties of the equilibrium strategies can be obtained from study-
ing the system of differential equations (5), as presented in the next proposition. For
this, and also for later results, the parameters A;, A, defined as

A-‘:F_l a,-k
I 1-a;)(1-k)+a;k

) fori,j=1,2andi#j (7)

will play an important role. Note that a; > a, implies A; < A, for k €(0,1).

Proposition 2. For every Bayesian Nash equilibrium in continuous and strictly in-
creasing pure strategies, there exist 0,0, € [b, E] such that ¢;(0;) = 0; and ¢;(D;) = A,
fori,j=1,2andi# j with

0:A1:172:l)1:A2 lfk:(),
0<M <D, <0h <A <1 ifke(0,1),
Alzﬁgzﬁlegzl lkaI
Moreover,
P1(b) < ¢2(b) <b forb e (b, 0,),
¢1(b) <b < ¢,(b) forb €(0,, 01),

b <¢\(b)< ¢a(b) forbe(d),D).

Proof. Recall from Lemma 1 that ¢;(b) =0 and ¢,~(5) =1with0<b< b < 1. Since
¢i(b) is continuous, there must be at least one fixed point x; such that ¢;(x;) = x;.
According to Lemma 3 the inverse bidding strategies satisfy

(1-a)(1—-k)+aik)F(¢;(D))—aik

¢;(b)= (6:()—D) f(9,(b)

(8)

Note that the numerator of the RHS of (8) is zero at exactly one point b. For b < b
the numerator is negative and for b > b it is positive. Since ¢ j(b) is increasing, the
denominator must have the same sign as the numerator wherever the RHS of (8) is
defined. Therefore, ¢;(b) < b for all b < b and ¢i(b)> b forall b > b. Continuity of
¢i(b) then implies (,b,-(ia) = b. Moreover, from the numerator of the RHS of (8) being
zero at b = b follows ¢ j(B) =A;. Letv; = b and the first statement in the proposition
is established.
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Suppose k € (0,1). We will show that in this case 0; > D,. Recall that A} < A,
because of a; > a,. Hence, 7, = ¥, is impossible as this would require A; = A,. Next,
consider 7, < 7,. From the preceding paragraph we must then have A; > ¢;(b) > b >
¢2(b) > A, for all b € (1, D,). This clearly contradicts A; < A,. Consequently, we must
have A; <7, < 9, <A, with ¢,(b) <b < ¢,(b) for all b € (D, D).

Now, suppose k € {0,1}. For k = 0 we have A; = A, = 0 such that 7, = 0, = 0.
Similarly, for k =1, Ay = A, =1 implies 0, =7, = 1.

We are left to show that ¢,(b) < ¢»(b) also for b € (b, 1)U (D», D). First, suppose
b € (b,7;) and k < (0,1]. Here, we have ¢,(b), ¢.(b) < b. Suppose there exists an
x € (b, 01) such that ¢1(x) = ¢,(x) =: r <x. From (8) we have ¢/ (x) < ¢,(x) because

(1—a))1—-k)+ak)F(r)—azk - (1—a))(Q—-k)+a1k)F(r)—a k
(r—x)f(r) (r—x)f(r)

This implies that there can be at most one such x € (b, 1), i.e., the two inverse bidding
strategies intersect at most once. If they actually do intersect at x, then we must have
¢1(x) > @o(x) for all b € (b, x). However, (8) also implies ¢;(b) < ¢,(b) such that
¢1(b) < ¢2(b) for b close to b. Hence, the strategies cannot intersect and we have
¢1(b) < ¢,(b) for all b € (b, 1;). Finally, to prove that ¢;(b) < ¢,(b) also for b € (02, b)
and k €[0,1) one can use a similar line of arguments or apply Corollary 2. O

The properties of the inverse bidding strategies ¢, ¢, identified in Proposition
2 directly translate, of course, to the bidding strategies 3, 8,. Figure 1 depicts bid-
ding strategies with the corresponding qualitative features. There are 7, 0, such that
Bi(v) > v for all v < ¥; and B;(v) < v for all v > 7, i.e., bidders with relatively low
valuations overbid whereas bidders with relatively high valuations shade their bids.
If a bidder has a low valuation, he knows that he will lose the auction with a high
probability. Therefore he bids more than his valuation in order to increase the ex-
pected auction revenue, even accepting a negative payoff should he win the auction
against his expectations. Conversely, a bidder with a high valuation is likely to win
the auction and aims at reducing the amount he has to pay by shading his bid.

Because of the asymmetry in shares, the two bidders face different trade-offs.
Compared to bidder 2, bidder 1’s payoff if he wins is scaled down while his payoff
if he loses is scaled up. Since the majority owner (bidder 1) already owns a large
share of the object, there is, in a way, more at stake for him when he loses the auc-
tion. Hence, his trade-off is shifted towards that case, resulting in a larger range of
types that engage in overbidding. Conversely, for the minority owner (bidder 2) the
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Figure 1: Equilibrium Bidding

possibility of winning is relatively more important, resulting in a stronger incentive
for bid shading. Consequently, bidder 1 bids more aggressively than bidder 2, i.e.,
Bi(v) > Ba(v) forall v €(0,1).

In the special case where k =0 we have 7, = 7, = b = 0: all types shade their bids
since one’s bid has no direct effect on the payoff when losing. On the other hand, if
k =1, both bidders always bid more than their valuation, i.e., 7, = 7, = b =1. For
k €(0,1) we know that 0 < b < ¥, < ¥, < b < 1: for each bidder there are non-empty
intervals both of types who overbid and of types who shade their bids.

These observations suggests that we may divide equilibrium bidding into three
parts, labeled I, II, and III in Figure 1. For a given equilibrium, part I contains bids
above 7;, submitted by high-valuation types of the two bidders. In part I both bid-
ders are shading their bids, as in a standard first-price auction between two buyers.
Bids below 7, are contained in part III. Here, both bidders bid more than their val-
uation, similar to two sellers competing in a first-price procurement auction. The
intermediate bids in part II, i.e., bids in (7, 7;), come from overbidding types of the
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majority owner and from bid shading types of the minority owner. Here, the situation
resembles that in a double auction between a seller and a buyer.

It turns out that the above intuition quite accurately describes the bidders’ trade-
offs: As we show below, the system of differential equations defining equilibrium
strategies in part II (parts I and III) is equivalent to the system of differential equa-
tions one obtains when analyzing a specific double auction (first-price auction).

4 Existence, Multiplicity, and Uniqueness

In this section, we take a closer look at the three parts of equilibrium bidding iden-
tified in the preceding section, treating each part separately. For each part we show
that equilibrium strategies are equivalent to equilibrium strategies of a game that
has been analyzed in the literature. This allows us to apply existing results to the
three parts. Combining those results ultimately yields existence of a continuum of
equilibria if k €(0, 1) and existence of a unique equilibrium if k € {0, 1}.

Let us first look at the intermediate range of equilibrium bids in partI], i.e., b €
[D,, D1]. Of course, this part is only relevant if 7, < 7;, so we assume k € (0,1) in the
following. Now, define

1-k k
F(x)— F(A (-ap)0=k)tark F(A,) — F(x) \ T-ant—Frak
(x) (1)) 2XI-H¥¥ey ande(x):zl—( (A2) ()) .

0= = e Fn =)

Note that both H; and H, are continuous cummulative distribution functions with
support [A;, Ay]. Moreover, our assumptions on F in (1) imply that virtual valuations

(%) and GCy(x):=x— k—1 — Halx)

. _ 1
Cix)=x+(1-k) () I(x)

are strictly increasing.’ Using H,, H, we can rewrite the system of differential equa-
tions (5) to

Hi(¢(b)) 1

hi(¢1(D)) ¢2(D)—b

1—Hy(¢o(b)) 1
ha(¢2(b)) b —i(b)

9

P1(b)=(1—k)

(10)

¢y(b)=k

9To see this, note that C;(x) = «; (x +(1—- k)%) +(1—-a;) (x — k%x()")) fori=1,2.
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From Proposition 2 we add the conditions

Q1(D)=A1, @2(D2)= Do, (11)
QD) =11, @2(01)=As. (12)

As it turns out, equations (9)-(12) are equivalent to the equations that characterize
equilibrium strategies for the double auction of Chatterjee and Samuelson (1983).

More precisely, (9)-(12) define a Bayesian Nash equilibrium in continuous and
strictly increasing strategies of the 1 — k-double auction!® where player 1 is the seller
with valuation drawn from H; and player 2 is the buyer with valuation drawn from
H,. In such a double auction the seller and the buyer simultaneously submit a bid. If
the buyer’s bid exceeds the seller’s, the seller’s good is transfered to the buyer and the
buyer pays 1 — k times his bid plus k times the seller’s bid. For each equilibrium in
continuous and strictly increasing strategies there are 7, ¥, such that the lowest type
of the seller bids 7, and the highest type of the buyer bids ;. Seller types v, € [7;, A;]
and buyer types v, € [A;, 1,] trade with probability zero, bidding above #; and below
D,, respectively. Seller types v, € [A;, 1] and buyer types v, € [D,, A,] bid according to
inverse strategies ¢; and ¢, that solve (9)-(12).

This type of equilibria of the double auction is very thoroughly studied in Sat-
terthwaite and Williams (1989). In the following proposition we collect the findings
that are most relevant for our purpose.

Proposition 3 (Satterthwaite and Williams, 1989). Let k €(0,1) and consideral — k-
double auction where the seller’s valuation is drawn from H, and the buyer’s from
H,. Continuous and strictly increasing inverse strategies ¢, ¢ form a Bayesian Nash
equilibrium of this double auction if and only if they solve (9)-(12). There is a two-
parameter family of such equilibria. Moreover, for every equilibrium in this family,
Do € [A1, C; ' (A1)] and 0y € [C'(A2), A

Proof. First note that in Satterthwaite and Williams (1989) the support of players’
types is normalized to [0, 1]. By applying the affine transformation T : [A;, A;] — [0,1]
with T(x) = AXZ%AAII to valuations and bids in (9)-(12) we may obtain exactly the equa-
tions studied by Satterthwaite and Williams (1989). Their results therefore directly

10Note that because of the different definition of the parameter k in the double auction literature
the k 4 1-price auction corresponds to a 1 — k-double auction rather than a k-double auction. In a
k-double auction the buyer’s bid, i.e., the higher of the two bids in case of transaction, has weight k.
In contrast, in the k 4 1-price auction the lower bid has weight k.
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extend to types with support [A;, A;]. Moreover, notice that also the property of in-
creasing virtual valuations C;, C, is preserved under transformation 7.

The fact that (9)-(12) are necessary and sufficient for continuous and strictly in-
creasing ¢, ¢, to form a Bayesian Nash equilibrium follows from Satterthwaite and

Williams (1989, Theorem 3.1). Note that Satterthwaite and Williams assume x + ;Ill—((j))
and x — %&()x) to be strictly increasing whereas our assumption (1) only implies the

weaker property of strictly increasing C;, C,. However, as is easily verified, this weaker
property is enough for Satterthwaite and Williams’ proof of Theorem 3.1 to hold.
According to Satterthwaite and Williams (1989, Theorem 3.2) Bayesian Nash equi-
libria in continuous and strictly increasing strategies form a two-parameter family.
Finally, from Satterthwaite and Williams (1989, Section 4) follows that at the two
boundaries ,, 7, we must have ¢/(7,) > 1 and ¢/(7,) > 1. Consequently, evaluating
(9) at D, using (11) we obtain A, < Cy(7;). Similarly, evaluating (10) at 7, using (12)
yields A; > Cy(7,). As C; and C; are strictly increasing and A; < 7, < 7; < A,, we have
0y € [A, C; 1 (A))] and D € [C]H(Ag), Ag]. O

According to Proposition 3 there exists a continuum of equilibrium strategies that
solve (9)-(12). Geometrically, the differential equations (9),(10) define a vector field
inside the tetrahedron A; < ¢, <b < ¢, < A,. Satterthwaite and Williams (1989) show
that for any point (b, @1, ¢,) within the tetrahedron there is a solution curve of the
differential equations passing through it. The two points where this curve exits the
tetrahedron yield 9, and ¥, of that specific equilibrium. Having fixed a bid b € (A, A,)
we may select a particular equilibrium by choosing the values of ¢,(b) € (A,,b) and
¢2(1~9) €(b,A,). Hence, the equilibria constitute a two-parameter family.

From Proposition 3 we know that there are many pairs of strategies that are con-
sistent with equilibrium bidding in part II. Yet are there also equilibrium strategies
for parts I and III that fit to those strategies? The answer is yes. More precisely, as we
show below, for each of the possible solutions in part II there is a unique correspond-
ing solution in parts [ and III.

Let us now turn to part I of equilibrium bidding where bids are above 7, and both
players are shading their bids. Assume k € [0, 1) and suppose the value of 7 is given,
satisfying C;'(A2) < 01 < A, (as is true for any solution in part IT). Define

F(x)— F(A; m
Gi(x):= (%(A()’)) for j,i=1,2 with i #J.
- Jj
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For each j, G; is a continuous cumulative distribution function with support [A;, 1].
Using G, G,, we may rewrite the system of differential equations (5) to

Gj(g;(b)) 1
gi(¢;(b)) ¢i(b)—Db

¢’(b)= fori,j=1,2and i #j. (13)

From Lemma 1 and Proposition 2 we add the boundary conditions

Q1(D1)=11, @2D1)=As, (14)
$1(b)=¢2(b)=1 (15)

Equations (13)-(15) correspond exactly to the system of equations that characterizes
the equilibrium of a first-price auction with a reserve price 7; among two buyers with
valuations drawn from G; and G,. Note that, unless k = 0, the bidders’ valuations
have different supports, with the lowest value of bidder 1 lying below and the lowest
value of bidder 2 lying above the reserve price 7;. In equilibrium, type 7, of bidder
1 and type A, of bidder 2 both bid 7; whereas lower types of bidder 1 do not take
part in the auction (or bid below the reserve price). Such equilibrium strategies have
been studied, e.g., by Maskin and Riley (2000) and Lebrun (2006). Most importantly,
Lebrun (2006) shows that there is a unique equilibrium. If k = 0, the reserve price
»1 =0is not binding. In this case, a proof of existence and uniqueness of equilibrium
can be found in Lebrun (1999).

Proposition 4 (Lebrun, 1999, 2006). Let k € [0,1). The first-price auction with reserve
price v, € [C] Y(A2), A2] and valuations drawn from Gy, G, has a unique Bayesian Nash
equilibrium, which is in monotone pure strategies. The equilibrium strategies solve
(13)-(15).

Proof. First, suppose k € (0,1). In this case, A; < A, i.e., the lower bound of the
support of valuations of bidder 1 is strictly below that of bidder 2. Existence of a
unique Bayesian Nash equilibrium of the first-price auction with a reserve price and
valuations drawn from G, G; is directly implied by Lebrun (2006, Theorem 1).

Moreover, according to Lebrun (2006, Characterization C.4) inverse bidding stra-
tegies ¢4, ¢, solve (13), on the upper boundary (15) for some b, and on the lower
boundary ¢,(v)=v and ¢,(v) = A, where v is defined as

vi= maxargbgfl%z](/\z —b)Gi(b).
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Observe that because of 7, € [C;'(A,), A,] the first derivative of the objective function

satisfies Gi(b)
Ar—b———1g(b)<0 forallbe(i,A,.
( 2 gl(b))gl( ) ora (D1, A2]
To see this, note that b—i—% = Cy(b) where C,(b) is strictly increasing due to assump-

tion (1). Therefore, we obtain v = 7, and the lower boundary conditions become (14).

Now, let k = 0. Accordingly, both G; and G, have support [0,1] and 7; = 0. This
case of a first-price auction with atomless type distributions and without a binding
reserve price is covered in Lebrun (1999). Observe that G;(x) = F (x)l%“i, implying
the stochastic dominance relation - &
Lebrun (1999, Corollary 4) follows that there is a unique Bayesian Nash equilibrium.

(x) < 0 for all x € (0,1]. Consequently, from

Moreover, according to Lebrun (1999, Theorem 1), ¢; and ¢, form a Bayesian Nash
equilibrium if and only if they are pure strategies and solve (13)-(15). O

Given equilibrium strategies for the intermediate range of bids in part II, Propo-
sition 4 shows that there are unique equilibrium strategies for the bids above 7, con-
tained in part I. In addition, Proposition 4 has direct implications for the equilibrium
strategies in part III where bids are below 7,. Equilibrium strategies in parts I and III
are closely related. In fact, using Corollary 2 we may obtain strategies for part III from
strategies for part I by a simple transformation. Recall that if 8, 8, form an equilib-
rium of the k+ 1-price auction, then the strategies [5’,~(v) :=1-;(1—v)form an equi-
librium of the 2 — k-price auction with values drawn from F(v)=1— F(1 — v). More-
over, A; =1—A; and 9; =1 — 9, such that part Il strategies of the k + 1-price auction
are transformed part I strategies of the 2 — k-price auction. Accordingly, Proposition
4 easily carries over to part III. Indeed, in part III bidders behave like the sellers in a
first-price procurement auction. In such auctions equilibrium strategies are typically
obtained by transforming equilibrium strategies of the standard first-price auction.

Combining the results for the three parts allows us to obtain the main results of
this section. A Bayesian Nash equilibrium in continuous and strictly increasing pure
strategies generally exists. The number of equilibria, however, depends on the pa-
rameter k. Let us first consider k € (0, 1) where equilibria consist of all three parts.

Theorem 1. For the k+1-price auction with k €(0, 1), there is a two-parameter family
of Bayesian Nash equilibria in continuous and strictly increasing pure strategies.

Proof. From Proposition 3 there is a two-parameter family of solutions for the equi-
librium strategies in part II. Each solution has 7, € [A;, C, '(A;)] and 9, € [C;'(A2), As).
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Given such a 7, Proposition 4 implies that there is a unique solution for part I. By
Corollary 2, Proposition 4 can also be applied to part III, implying existence of a
unique solution given ,. O

Now, suppose k € {0, 1}. According to Lemma 2, any pure-strategy Bayesian Nash
equilibrium must be in continuous and strictly increasing strategies. If k = 0, equi-
librium bidding only consists of part I. Similarly, if k =1, there is only part III.

Theorem 2. For the k + 1-price auction with k € {0, 1}, there is a unique pure-strategy
Bayesian Nash equilibrium.

Proof. From Lemma 2 any pure-strategy Bayesian Nash equilibrium has to be in con-
tinuous and strictly increasing strategies. Suppose k = 0. According to Proposition 2
we have A, = D, = D; = A, = 0 such that equilibrium strategies are entirely contained
in part I. Consequently, Proposition 4 implies existence of a unique pure-strategy
Bayesian Nash equilibrium. Thanks to Corollary 2 the result carries overto k =1. O

When equilibrium strategies cannot be expressed in closed form, additional in-
sights can usually be obtain from numerically approximating the equilibrium, espe-
cially if equilibrium existence has been established. At b = 7; the right-hand side of
(5) has a % form, leaving (]5;-(17,-) undefined. Hence, the system of differential equa-
tions (5) presents a singularity in one of the two equations at both 7; and 7,. At first
glance, these singularities represent a major obstacle for numerical computations.
The findings of this section, culminating in Theorems 1 and 2, suggest a procedure
to overcome this problem. We may again consider the three parts of equilibrium
bidding separately and compute equilibrium strategies numerically for each part.
First, we fix some bid b* € (A, A,) and choose two starting values ¢,(b*) € (A, b*) and
¢1(b*) € (b*, Ay). From this we obtain equilibrium strategies for part II by extrapolat-
ing the differential equations (5) forward and backward, respectively, until we hit the
boundaries of part Il where ¢,(b) — b and ¢,(b) — b, respectively. Thereby we obtain
7, and 7,. Now, we can compute numerical solutions for parts I and III by applying
methods developed for numerically solving first-price auctions. As described in the
pioneering contribution by Marshall et al. (1994), for part I we may use a backward-
shooting method (in order to find b), as we cannot use D) as a starting point due to
the singularity.!! A similar method, of course, works for part III.

See Fibich and Gavish (2011) for an alternative to the backward-shooting method.
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Ay Ay 1

Figure 2: Examples of equilibrium strategies for a; = 0.8, k = 0.3, and uniform F.

Assuming a; = 0.8, k = 0.3, and uniformly distributed valuations, Figure 2 shows
four different pairs of equilibrium strategies. We obtained them by varying the start-
ing points in part II. The strategies drawn in Figure 1 also correspond to actual equi-
librium strategies. Other than a; =0.95, the assumptions there are as for Figure 2.

5 Some special cases

5.1 Uniform valuations

Let us assume that valuations are uniformly distributed, i.e., F(v) = v for v € [0, 1].
Moreover, suppose k € (0, 1). For this special case, there is a closed form solution for
equilibrium bidding strategies in part II, which turn out to be linear.

Proposition 5. Suppose F is uniform and k €(0,1). There is a Bayesian Nash equilib-
rium in continuous and strictly increasing strategies where, fori,j =1,2 and i #j,

kA
Vi =

and ¢;b)=b+((1-a;)1—=k)+a;k)(b—10;) Vbe&[D,, 1]
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The k-double auction is known to have an equilibrium in linear strategies under
specific distributional assumptions. In particular, for k = % Leininger, Linhart, and
Radner (1989) determine such linear strategies for a one-parameter family of distri-
butions. When we assume F to be uniform, H; and H, are members of this family.

Now, suppose k = 0. Here, the above result, of course, does not apply as there is
no part IL. Yet also for this case an additional analytical result is available under the
uniform assumption. There is a closed form expression for the upper bound of bids
b, which is due to Marshall et al. (1994):12

_1
Dieo=1— ai'(2—a P 2a~1
- (1=a)= (1 +a)

Making use of Corollary 2 this result can also be applied to the case where k =1,
resultingin b, _, =1— b—o. Knowing the value of b or b, respectively, simplifies the
numerical simulation of equilibrium strategies considerably.

5.2 [Equal Shares and Extremely Asymmetric Ownership

Having so far assumed a; € (%, 1), let us now take a look at the two limits where ei-
ther a; = % or a; = 1. Both cases are well-studied in the literature. Consider first a
symmetric partnership, i.e., a; = a, = % As a, — %, part II of equilibrium bidding
disappears and Ay = 0, = D, = A, = F~1(k). As first shown by Cramton, Gibbons,
and Klemperer (1987), there is a closed form for the equilibrium strategies defined in

Lemma 3. Moreover, Kittsteiner (2003) proves uniqueness of the equilibrium.

Proposition 6 (Cramton, Gibbons, and Klemperer, 1987; Kittsteiner, 2003). Suppose
ay=a; = % Then, the k + 1-price auction has a unique Bayesian Nash equilibrium.
Both bidders bid according to

FL(k)
_ (F(x)— k)
ﬁ(U)— U+J; mdx

Consistent with our findings in Section 4, the equilibrium strategy 8 can be di-
vided into two parts. For valuations v > F~1(k), B(v) is equivalent to the equilibrium
strategy of a symmetric first-price auction where buyers’ valuations are drawn from

12They study first-price auctions where valuations are drawn from two different power distribu-
tions. Our diitributions G; and G, are power distributions when a_ssuming F to be uniform. For a
derivation of by see Marshall et al. (1994, Appendix A) where ¢, = br—¢ and k; = ai fori=1,2.
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Gi(v)=Gy(v)= (%)2 with support [F~1(k),1]. For valuations v < F~1(k), there is
a corresponding first-price procurement auction with symmetric sellers.

In the other limit case, an extremely asymmetric partnership with a; = 1, the
k + 1-price is equivalent to the 1 — k-double auction of Chatterjee and Samuelson
(1983) where partner 1 is the seller and partner 2 the buyer. Here, only part II of equi-
librium bidding is relevant. As stated in Proposition 3, Satterthwaite and Williams
(1989) show that for k € (0,1) there is a continuum of equilibria in continuous and
strictly increasing strategies. If k =0 (k = 1), the seller (buyer) has a dominant strat-
egy to bid his valuation and the equilibrium is unique, as proved by Williams (1987).
Under uniformly distributed valuations, the strategies provided in Proposition 5 are
equivalent to the linear equilibrium strategies studied by Chatterjee and Samuelson
(1983) in their Example 1.

6 Dissolution Performance: The Uniform Case

In the following, we make a first step towards evaluating the suitability of the k + 1-
price auction for dissolving partnerships in the framework of Cramton, Gibbons, and
Klemperer (1987). We start by reviewing some results from the literature.

Following Cramton, Gibbons, and Klemperer (1987), let us consider a direct
mechanism (s, t) where partners report their valuations and surrender their shares.
Depending on the reported v;,v,, partner i obtains the object with probability
si(vi,vj) € [0,1] as well as a transfer f;(v;,v;) € R. The allocation rule s satisfies
s1(v1, v2) + s2(v2, 1) = 1. In addition, (s, ¢) fulfills ex post budget balance, i.e., the
payment rule ¢ satisfies t;(vy, v2) + t2(v2, v1) = 0. Recall that partner i derives utility
a;v; from an intact partnership, which he loses when surrendering his shares.!3 If
agents i and j both report truthfully, the interim expected net payoff of agent i is

1

1
U;(v;):= viJ (si(v,-,vj)—ai)dF(vj)—i-J ti(vi, vj)d F(v;).
0 0

13Hence, we assume i’s outside option to be worth @; v; to him. An alternative interpretation of this
is that, if no other mechanism can be applied, the partnership is dissolved through a lottery where
agent i receives the object with probability «;, i.e., s;(v1, v2) = a; and £;(v;, v2) =0.

22



The mechanism (s, t) is incentive compatible if, for i = 1,2 and j # i,

1

Ui(vi) > viJ (s,-(u,vj)—ai)dF(uj)JrJ ti(u,v)dF(v;) VYv,uel0,1]  (16)
0 0

For (s, t) to be interim individually rational it has to satisfy, for i = 1,2 and j # i,
Ui(vi)=0 Vwv;€[0,1]. (17)

Define the ex ante expected gains from trade as

w Z:f UI(UI)dF(V1)+J
0 0

When evaluating a dissolution mechanism we are particularly interested in its effect

1

Uz(Uz)dF(Uz)Zf f s1(v1, v2) (V1 — v2)d F(v2)d F(v,).
0o Jo

on W. For all mechanisms we will consider, the allocation rule s can be represented
by an increasing function i : [0, 1] — [0, 1] such that

)1 for yY(v)>v,
SI(UI’UZ)_{ 0 for Y(n)<r:

and therefore W = fol f:y(vl)(vl —1v,)d F(v,)d F(vy).

A dissolution mechanism is ex post efficient if and only if it ensures that the ob-
ject is allocated to the agent with the highest valuation, i.e., )(v;) = v;. Such a dis-
solution mechanism is efficient in the sense that it is not Pareto-dominated by any
other allocation under full information. Cramton, Gibbons, and Klemperer (1987)
show that an ex post efficient and budget-balanced dissolution mechanism satisfy-
ing constraints (16) and (17) exists if and only if ownership shares a,, a, are not too
asymmetric.'* While the incentive compatibility constraint (16) is the same for both
partners (i.e., the effect of choosing u in (16) is independent of «;), the individual
rationality constraint (17) differs among partners. A mechanism that treats the two
partners symmetrically dispossesses the majority owner (player 1) to some extent.
Above a certain degree of asymmetry in ownership shares a transfer from player 2 to
player 1 is therefore needed to ensure individual rationality for player 1. Since the ex

14According to Cramton, Gibbons, and Klemperer (1987, Theorem 1) this is the case if and only
ol 1 1 . . .
if fF,l(al) udF(u) +fF,1(a2) udF(u)— 2fo F(u)udF(u) > 0. For example, if valuations are uniformly
distributed, we must have a; < %+ \/% in order for an ex post efficient dissolution mechanism to exist.
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post efficient allocation rule treats both partners the same, this transfer (as well as
incentive compatibility) must be achieved through the payment rule ¢ alone. Yet this
is possible only as long as «; is not too large. For larger asymmetries, we must depart
from the efficient allocation rule in order for the mechanism to meet (16) and (17).

Chien (2007) characterizes the incentive efficient mechanism that maximizes the
ex ante expected gains from trade W. For small asymmetries the incentive efficient
allocation rule, of course, coincides with the ex post efficient allocation rule. When
the asymmetry in ownership shares is large, it departs from the ex post efficient allo-
cation rule in a way that favors partner 1 and thus helps ensure individual rationality
for partner 1. For example with uniformly distributed valuations, the incentive effi-
cient allocation rule of Chien (2007) becomes!®

v; for v, €[0,1—a;]U[a,1],
'L/)]E(Ul):: vi+Xx for vle(l—al,al—fc), (18)
a; for v Ela;—Xx,a;),

x= argr)rg)iglx st 3% — (a1 — Px* + (= x + 301 — 505 — 35 > 0.

The main difficulty with employing incentive efficient mechanisms is that the ex-
act specification of their rules typically relies on detailed information about the envi-
ronment. In our model, the transfer rule ¢ as well as the allocation rule s of incentive
efficient mechanisms both depend on the distribution of valuations F. In practice,
however, the dissolution rule is often imposed by a third party who is not likely to be
as well-informed on the agents’ priors as the agents themselves. As a solution, one
could think of mechanisms that ask agents to also report their priors. Yet this would,
of course, increase the complexity of the rules considerably, again posing a problem
in practical applications. Consequently, rules that are simple and detail-free, i.e., in-
dependent of F, are required to implement the dissolution of the partnership. The
k + 1-price auction is an example for such a simple and detail-free mechanism.

Thanks to the Revelation Principle, the k 4 1-price auction is equivalent to an in-
centive compatible direct mechanism with U;(v) = E[u;(v, Bi(v), 8;(V))] and alloca-
tion rule (v) = ¢,(B:1(v)). Since Proposition 2 implies y)(v) > v Vv €(0, 1) the alloca-
tion rule is not ex post efficient. By design, the k + 1-price auction has an ex post bal-
anced budget. Moreover, interim individual rationality is satisfied for every Bayesian

15Note that for shares that are not too asymmetric, i.e., ; is such that the condition in the preced-
ing footnote is satisfied, we have X = 0 and therefore ¢/;g(v,) = v;.
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Figure 3: Gains from trade for a; = 0.8, uniform F and varying k.

Nash equilibrium of the k + 1-price auction. Regardless of j’s strategy, player i can,
by placing a bid equal to v;, guarantee himself the ex post payoff u;(v;, v;,b;) > 0,
implying a nonnegative interim expected payoff. If i chooses not to bid truthfully in
equilibrium, it must be because he obtains a higher interim payoff by doing so.'®

Let us look at the effect of the parameter k on the expected gains from trade W.
For k € (0,1) we have a continuum of equilibria, each implying different gains from
trade. Assuming F to be uniform, extensive numerical calculations!” suggest that the
partially “linear” equilibrium identified in Proposition 5 leads to the highest gains
from trade. The equilibrium strategies with the lowest W look similar to those that
are represented by the dashed lines in Figure 2: they approximate a pair of discon-
tinuous strategies where 7, = A;, D; = A, as well as £;(v) = A, and B.(v) = A, for
all v € (A}, A;).'® Assuming a; = 0.8, Figure 3 displays the gains from trade for the

16Because a player can always achieve a nonnegative ex post payoff, the k + 1-price auction is also
individually rational for risk-averse partners. We conjecture equilibrium bidding strategies under risk
aversion to be similar to those under risk neutrality but with the extent of overbidding and bid shading
reduced in line with the degree of risk aversion.

17If F is uniform, C,'(A;) < C;'(A2). Hence, the bid b* := %(Cz_l(Al) + C;'(A2)) belongs to part II
of any possible equilibrium. Computing equilibria and the implied W for various combinations of
¢1(b*) € (A1, b*) and ¢,(b*) € (b*, A,) we may obtain a good estimate of the range of possible W.

18This is equivalent to a no-trade equilibrium of the corresponding 1 — k-double auction in part II.
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best and the worst equilibrium as a function of k. Whereas k = % yields the highest
gains from trade in the linear equilibrium, it also leads to the biggest range of possi-
ble equilibrium W. When approaching k = 0 or k = 1 this range becomes smaller,
as the size of part II of equilibrium bidding decreases. In the unique equilibrium for
k =0 and k =1, gains from trade are lower than in the linear equilibrium for other
k. As predicted by Corollary 1, for every equilibrium of the k + 1-price auction there
is an equilibrium of the 2 — k-price auction that realizes the same W. This also holds
for non-uniform distributions as longs as the density is symmetric about the mean.

Another simple and detail-free dissolution mechanism that is used in practice is
the buy-sell clause.'® Here, one partner, denoted by p, proposes a price r for the
object whereupon the other partner, denoted by ¢, chooses whether to sell his share
for a.r or buy the other agent’s share at the price a,r. Player c, the chooser, will
decide to sell as long as r > v, and will buy the other’s share otherwise. Player p, the
proposer, therefore solves

mraxF(r)(vp —a.r)+(1—=F(r)a,r.

Because of assumption (1) on F, the first order condition of this maximization prob-
lem uniquely defines the increasing equilibrium strategy r(v,). For symmetric dis-
tributions F, it can be shown that in the resulting equilibrium W is independent of
whether p =1 or p = 2. For example, in the case of uniformly distributed valuations,
the resulting equilibrium strategy of the proposer is r(v,) = %(vp +a,). The bidding
behavior is similar to that in the k + 1-price auction: if the proposer has a relatively
low valuation, he will overbid. If his valuation and therefore also the probability of
ending up buying the other’s share are high, then the proposer will shade his bid. The
allocation rule induced by a buy-sell clause is

1 for r(vy)>v.

Sp(Vp» V)= { (19)

0 for r(v,)<v,

Using numerical results for the k + 1-price auction together with (19) and (18),
we compare in Figure 4 the allocation rules of the auction with k = 0, of the linear
equilibrium for k = %, and of the buy-sell clause with the incentive efficient allocation

9This mechanism is known under various names, including "cake-cutting mechanism", "Texas
shootout", or "shotgun clause". For symmetric shares McAfee (1992) analyzes equilibrium strategies,
whereas de Frutos and Kittsteiner (2008) show that there results an ex post efficient dissolution if the
buy-sell clause is preceded by an ascending auction where partners bid for the right to choose.
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Figure 4: Comparison of allocation rules.

rule under uniform priors. Note that a; = 0.78, as set in the first panel of the figure,
is the highest a; for which the incentive efficient mechanism still exhibits the ex post
efficient allocation rule y)(v) = v (see footnote 14). When we increase a; further,
the incentive efficient mechanism deviates from the efficient allocation rule in a way
similar to k + 1-price auctions: in some situations where v, is not much higher than
v; the object is allocated to agent 1. Note that the allocation rule that most closely
resembles the incentive efficient mechanism is the linear equilibrium for k = %

The expected gains from trade resulting from these allocation rules are shown
in Figure 5 as a function of a;. In terms of W, the buy-sell clause is generally out-
performed by the auctions with k € {0,1}. The linear equilibrium for k = % realizes
even larger gains from trade, approximating the incentive efficient mechanism quite
closely. In both extreme cases, @; = 0.5 and a; =1, the linear equilibrium for k = % is
incentive efficient.?’

7 Asymmetric Valuations

Restricting attention to k € {0, 1}, de Frutos (2000) shows that the k + 1-price auction
with symmetric shares but asymmetric distributions of valuations has a unique equi-
librium. In the following we outline how our method for studying asymmetric shares
can be applied to de Frutos’ setting of asymmetric valuations, yielding existence of a

20For a; = 1, the auction with k = % is equivalent to the %—double auction, the linear equilibrium of
which is shown by Myerson and Satterthwaite (1983) to be incentive efficient under uniform priors.
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continuum of equilibria for k €(0, 1).

Suppose shares are symmetric, i.e., a; = a, = %, and let k € (0,1). Rather than
being both drawn from the same distribution F, assume that partner 1’s valuation v,
is drawn from F and that partner 2’s valuation v, is independently drawn from F.
Let both F and E be such that virtual valuations are increasing as in (1). Moreover,
we assume that I, dominates F in terms of the reverse hazard and the hazard rate:

F(v) E(v) 1-F(v) 1-E)
07 B ™ TR ST Rw

Note that this implies E(v) < F(v) Vv €(0,1).
Asin Lemma 3, inverse strategies ¢, ¢, of a Bayesian Nash equilibrium in contin-

Vv e(0,1).

uous and strictly increasing pure strategies are, for every b where ¢ ;(b) # b, solutions

to

_ E(g;(b)—k
~ 2(¢i(b)-b) f;(¢;(b))
with boundary conditions ¢;(b) = ¢»(b)=0and ¢1(E) = qbz(E) = 1. From this, a result
similar to Proposition 2 can be obtained. There are i;, 1, such that ¢;(10;) = w; and
¢i(w;)=F '(k)fori,j=1,2and i # j. There is overbidding for v; < ;, bid shading
for v; > w;, and 1 bids more aggressively than 2.

¢;.(b) fori,j=1,2and i#j (20)
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Again, we may divide equilibrium bidding into three parts. For part II we define

2(1-k) 2k
Hy(x):= Flf’f—)_k and Hy(x):=1- k_—Bf’f)
R(F (k) -k k — E(F (k)

for x € [F'(k), E;'(k)]. Using H,, H,, the differential equations (20) can be rewritten
to yield (9) and (10). Consequently, Proposition 3 can be applied to obtain existence
of a two-parameter family of solutions for part II. For part I we may rewrite the dif-
ferential equations using

F(x)—k)* _ .
Gj(x):= (le) forx €[F, 1(k),1], j=1,2

such that Proposition 4 implies a unique solution given ;. Finally, we conclude that
aresult equivalent to Theorem 1 also holds for the k+1-price auction with asymmet-
ric priors and k € (0,1): there is a two-parameter family of Bayesian Nash equilibria
in continuous and strictly increasing pure strategies.

There is also a direct link between asymmetric shares and asymmetric valuations:
The system of differential equations (20) is equivalent to the system (5) if

1
Fi(v)= ]

1
. F(v)-F(A)) 20-a)0-k+ak) . )
k+(1- k) (A2 if v € (A}, 1]
fori,j=1,2and i # j. Hence, continuous and strictly increasing equilibrium strate-
gies of a k + 1-price auction with symmetric valuations and asymmetric shares cor-
respond to equilibrium strategies of a k + 1-price auction with symmetric shares and
asymmetric valuations that are drawn from a specific family of distributions.

8 Conclusion

We have analyzed a two-bidder k + 1-price auction where the auction revenue is dis-
tributed among the bidders according to asymmetric shares. Characterizing equilib-
rium bidding, we found that the majority owner bids more aggressively than the mi-
nority owner. In general, both bidders shade their bids if they have a high valuation
and they overbid if they have a low valuation for the auctioned object. The system
of differential equations defining equilibrium strategies can be transformed so as to
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reveal a strong link between the k+1-price auction and both the k-double auction as
well as the standard first-price auction. Exploiting this relationship, we established
equilibrium existence and found there to be a continuum of equilibria if k € (0, 1).
For k € {0, 1} there is a unique equilibrium. An interesting task for future research is
to determine to what extent our approach can also be applied when weakening the
assumption of strictly private and independently distributed valuations.

As a dissolution mechanism for asymmetric partnerships, the advantage of the
k + 1-price auction is that it is a simple mechanisms with rules that are indepen-
dent of the distribution of valuations. By contrast, the incentive efficient dissolution
mechanism for asymmetric partnerships crucially depends on such details, which in
practice are likely to be unknown when the mechanism to be used is specified.

As a first step of evaluating the suitability of the k 4 1-price auction for dissolving
partnerships, we presented numerical results for uniformly distributed valuations.
Regarding the choice of k there is a trade-off: On the one hand, k € {0, 1} implies that
the equilibrium is unique, avoiding any coordination problems for the bidders. On
the other hand, for k € (0,1) there are equilibria that lead to higher expected gains
from trade. Provided an appropriate equilibrium is played, the loss in expected gains
from trade when using a k + 1-price auction instead of the incentive efficient mech-
anism is very small. In addition, the k + 1-price auction outperforms the buy-sell
clause. To what extent our findings for uniformly distributed valuations generalize is
an issue left for future research.

Another important asymmetry to consider in k + 1-price auctions, instead of un-
equal shares, is asymmetrically distributed valuations. In the literature, this has so
far only been studied for k € {0, 1}, where existence of a unique equilibrium has been
established. We have shown that our approach for analyzing asymmetric shares ex-
tends to asymmetric valuations. If k € (0, 1), there is a continuum of equilibria for the
symmetric-shares k + 1-price auction where one bidder’s distribution of valuations
dominates the other bidder’s in terms of the hazard and the reverse hazard rate.

A Appendix

A.1 ProofofLemmal

Before proving the lemma, we will first derive two auxiliary results. Suppose 1, .
are pure strategies that form a Bayesian Nash equilibrium of the k + 1-price auction.
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Claim Al. IfB;(v) is locally decreasing, i.e., B;(v*) > B:(v**) for some v* < v**, then

C{ik

PHAT) S BV BN =0 and PriBi(V)<Bv = S

Proof. Consider two valuations v* and v** where v* < v**. Since f; maximizes i’s
interim expected utility, we have E[u,-(v*,ﬁ,-(v*), ﬁj(V))] > E[ui(v*,ﬁi(v**),[p’j(V))]
and E[u,(v™, Bi(v*), B;(V))] = E[ui(v*™, B;(v*), f;(V))] such that

E[u;(v*, Bi(v*), B; (V) — ui(v™, Bi(v), Bi (V)]
> E[ui(v", i(v™), Bi(V) — wi(v™, Bi(v™), B;(V))] . (AD)

Suppose f; is locally decreasing, i.e., 8;(v*) > B;(v**). Using (2), (A1) then implies
(v —v™) (1 — @) PrBi(v™) < B;(V) < Bi(v")] + a; Pr[Bi(v™) < B;(V) < Bi(v™)]) > 0.

Hence, i’s strategy can be decreasing only if Pr[g;(v*) < B;(V) < Bi(v*)] = 0, i.e,
only if there is a gap [B;(v*), B:(v*)] in B;. Therefore, using the fact that Pr[8;(V) >
Bi(v*)] =1—Pr[B;(V) < B;(v*)], bidder i’s interim expected utility when bidding an
amount b € [B;(v*™), Bi(v¥)] is

E[ui(vi, b, (V)] = b (@ik = Pr[B;(V) < Bi(v™)] (aik +(1— a;) (1 - k) +Q

where Q summarizes all the terms that are independent of b. Consequently, i’s strat-
egy can be decreasing only if Pr[;(V) < Bi(v*)] = #ﬁ)ﬂ—k) Otherwise it would

be optimal for i to bid either §;(v*) or B;(v**) for all v; € [v*, v*]. O

Claim A2. The equilibrium strategies 3, and 3, cannot both have an atom at the same
bid, i.e., for allb

Pr[B:(V)=Db]>0 = Pr[B;(V)=b]=0  fori,j=1,2andi+#j.

Proof. Suppose Pr[f;(V) = b] > 0. Then there can be no interval of j’s types all pre-
ferring to bid b as well rather than bidding slightly more or slightly less than b, which
would hardly change payments but significantly change the winning probability. [

We are now ready to prove Lemma 1. Let us start with the lower bound. First, con-
sider k € (0, 1]. Without loss of generality assume inf, #;(v) > inf, B»(v). This cannot
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be an equilibrium since a type of bidder 2 who bids below inf, £;(v) could increase
his bid by some amount so that he still loses with certainty while benefiting from an
increased auction revenue. Thus, in equilibrium we must have inf, 8;(v) =inf, B.(v).
Claim Al then implies that f;(v;) is weakly increasing for v; near arginf, 8;(v) and
therefore 3;(0) =inf, 8;(v) so that 3,(0) = ,(0) =: b.

We will next show that b > 0. From Claim A2 we know that at most one bidder
can have an atom at f;(0). Assume without loss of generality that bidder j does not
have an atom at f3;(0). Consider bidder i with type v; = 0 who deviates from the
equilibrium by bidding b + ¢ instead of b. His gain in ex post payoff is

>aqike—(b+e) iftb+e>b;>b,
ui(o)g-i_g’bj)_ ul(onrb]) :aikg—ai(Q'Fg) 1fQ+€=bJ,
=a;ke ifb+e<b;.

Suppose we had b <0. Then, i’s gain in interim expected payoff is bounded below by
E[ui(0,b+¢,B;(V) = ui(0,b, (V)] = aike = Pr{B(V) < b +¢le

Note that we can always find a small enough ¢ such that a;k > Pr[B;(V) < b+ €],
implying that i strictly prefers to deviate. Thus, we must have b > 0 to prevent such a
profitable deviation from the equilibrium strategy.

Now, consider k = 0. Without loss of generality, assume inf, ,(v) < inf, B»(v).
Claim Al implies that f,(v) is weakly increasing and therefore f,(0) = inf, B.(v).
Then, for some 7, all types v; < 7; bid at most f,(0) while all types v; > 7, bid
more than f,(0) and B;(v) is weakly increasing in that range. Note that we must have
f2(0) < 0 in order for the type v, = 0 of bidder 2 to accept winning the auction with
a positive probability. Now, consider type 7; of bidder 1. If bidder 2 does not have
an atom at 3,(0), type 7, loses the auction with probability 1, and therefore we must
have f3,(0) > 7,. If bidder 2 has an atom at ,(0) and if ,(0) < 7, then type #; would
want to bid just above f3,(0). Therefore, we must have f3,(0) > 7; in this case as well.
From f,(0) <0 and S,(0) > 7, follows that 7; =0 and $;(0) = 8,(0) =0.

Making use of Corollary 2, the results for the upper bound directly follow from
our findings for the lower bound. Finally, b < b follows from Claims Al and A2. [
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A.2 Proofof Lemma 2

From Claim Al in conjunction with Lemma 1 follows, for k =1 and k =0, that both
B1(v) and B,(v) are weakly increasing in v.

Let k = 0. We begin by showing that the bidding strategies have no gaps, i.e.,
there is no interval [b’, b”] so that Pr[f;(V) < [b’,b”]] = 0. Suppose without loss of
generality that 3;(v) has a gap [b’,b”]. Bidder 2 then prefers bidding b’ to bidding
any other amount b € (b’, b”] since bidding b’ leads to a higher payoff when winning
without changing the probability of winning. Therefore, ,(v) must also have a gap
that ends at b”. In addition, if bidder 1 does not have an atom at b”, bidder 2 would
prefer bidding b’ to bidding just above b”, so that the gap in 8,(v) would have to end
even above b”. Of course, this would in turn lead the gap in ,(v) to end above b”,
etc. Since we know from Claim A2 that the two bidders cannot both have an atom
at b”, we conclude that there can be no gaps in f;(v) and S,(v), i.e., the equilibrium
bidding strategies are continuous functions.

From Lemma 1 we know that 3;(0) = 0. Observe that ;(v) cannot have an atom
at 0, because no type v; > 0 would want to lose the auction with certainty at a price
of 0. Now, suppose ;(v) has an atom at b > 0. Note that a necessary condition for
bidder 2 to be willing to bid b is that he is indifferent between winning and losing the
auction at that price. This is only the case if v, = b. Types v, < b would prefer to bid
just below b and types v, > b would prefer to bid just above b instead of bidding b.
However, it can be shown that type v, = b is strictly better off when decreasing his
bid b by a finite amount ¢. To see this, note that

us(b,b—€)— uy(b,b) > Pr[fi(V) < b—¢le —Pr[Bi(V) < I~9]a28+%Pr[[31(V) =b—¢le

. . R A Pr[B1(V)<b—¢]
so that bidder 2 strictly prefers bidding b — ¢ if a, < “PUB(I<T]

exists. Therefore, the atom in ;(v) creates a gap in 3,(v). Since this contradicts the

. Such an ¢ always

continuity property we have proved above, equilibrium strategies must be atomless.

Thanks to Corollary 2 our proof for k = 0 also applies to k = 1. Thus we have
shown for k € {0,1} that, in addition to being continuous, f; and f, are weakly in-
creasing and have no atoms, which implies that they are strictly increasing. O

33



References

ATHANASSOGLOU, S., S.]J. BRAMS, AND J. SETHURAMAN (2010): “A note on the inefficiency
of bidding over the price of a share,” Mathematical Social Sciences, 60(3), 191-195.

Bos, O. (2010): “Charitable Asymmetric Bidders,” Working Paper, University Pan-
théon-Assas (Paris II).

BuLow, J., M. HUANG, AND P. KLEMPERER (1999): “Toeholds and Takeovers,” Journal of
Political Economy, 107(3), 427-454.

BURKART, M. (1995): “Initial Shareholdings and Overbidding in Takeover Contests,”
The Journal of Finance, 50(5), 1491-1515.

CHATTERJEE, K. AND W. SAMUELSON (1983): “Bargaining under Incomplete Informa-
tion,” Operations Research, 31(5), 835-851.

CHIEN, H.-K. (2007): “Incentive Efficient Mechanisms for Partnership Dissolution,”
Working Paper, University of Bonn, http://www.hkchien.net/partnership5.pdf.

CHiLLEMI, O. (2005): “Cross-owned firms competing in auctions,” Games and Eco-
nomic Behavior, 51(1), 1-19.

CramTON, P, R. GiBBONS, AND P. KLEMPERER (1987): “Dissolving a Partnership Effi-
ciently,” Econometrica, 55(3), 615-632.

DASGUPTA, S. AND K. Tsut (2004): “Auctions with cross-shareholdings,” Economic The-
ory, 24, 163-194.

DE FruTOS, M. A. (2000): “Asymmetric Price-Benefits Auctions,” Games and Economic
Behavior, 33(1), 48-71.

DE FrRuTOS, M.-A. AND T. KITTSTEINER (2008): “Efficient partnership dissolution under
buy-sell clauses,” The RAND Journal of Economics, 39(1), 184-198.

ENGELBRECHT-WIGGANS, R. (1994): “Auctions with Price-Proportional Benefits to Bid-
ders,” Games and Economic Behavior, 6(3), 339-346.

ENGERS, M. AND B. McMaNus (2007): “Charity Auctions,” International Economic Re-
view, 48(3), 953-994.

34



FiBicH, G. AND N. GavisH (2011): “Numerical simulations of asymmetric first-price
auctions,” Games and Economic Behavior, 73(2), 479-495.

FIESELER, K., T. KITTSTEINER, AND B. MoLDOVANU (2003): “Partnerships, lemons, and
efficient trade,” Journal of Economic Theory, 113(2), 223-234.

GALAvVOTTI, S., N. MuTO, AND D. OvyamaA (2011): “On efficient partnership dissolution
under ex post individual rationality,” Economic Theory, 48, 87-123.

GOEREE, J. K., E. MAASLAND, S. ONDERSTAL, AND J. L. TURNER (2005): “How (Not) to
Raise Money,” Journal of Political Economy, 113(4), 897-918.

GRIESMER, J. H., R. E. LEviTAN, AND M. SHUBIK (1967): “Toward a study of bidding
processes part IV - games with unknown costs,” Naval Research Logistics Quarterly,
14(4), 415-433.

KITTSTEINER, T. (2003): “Partnerships and double auctions with interdependent valu-
ations,” Games and Economic Behavior, 44(1), 54-76.

LEBRUN, B. (1999): “First price auctions in the asymmetric N bidder case,” Interna-
tional Economic Review, 40(1), 125-142.

LEBRUN, B. (2006): “Uniqueness of the equilibrium in first-price auctions,” Games
and Economic Behavior, 55(1), 131-151.

LEININGER, W,, P. LINHART, AND R. RADNER (1989): “Equilibria of the sealed-bid mech-
anism for bargaining with incomplete information,” Journal of Economic Theory,
48(1), 63-106.

Lu, J. (2011): “Optimal auctions with asymmetric financial externalities,” Games and
Economic Behavior, In Press, doi:10.1016/j.geb.2011.08.013.

MAASLAND, E. AND S. ONDERSTAL (2007): “Auctions with Financial Externalities,” Eco-
nomic Theory, 32, 551-574.

MARSHALL, R. C., M. J. MEURER, J.-E RicHARD, AND W. STROMQUIST (1994): “Numerical
Analysis of Asymmetric First Price Auctions,” Games and Economic Behavior, 7(2),
193-220.

MaskiN, E. AND J. RILEY (2000): “Asymmetric Auctions,” Review of Economic Studies,
67(3), 413-438.

35



MCAFEE, R. P. (1992): “Amicable divorce: Dissolving a partnership with simple mech-
anisms,” Journal of Economic Theory, 56(2), 266-293.

MYERSON, R. B. AND M. A. SATTERTHWAITE (1983): “Efficient mechanisms for bilateral
trading,” Journal of Economic Theory, 29(2), 265-281.

SAMUELSON, W. (1985): “A comment on the Coase theorem,” in Game-theoretic Models
of Bargaining, edited by A. E. Roth, chapter 15, pp. 321-339, Cambridge University
Press.

SATTERTHWAITE, M. A. AND S. R. WiLL1aMS (1989): “Bilateral trade with the sealed bid k-
double auction: Existence and efficiency,” Journal of Economic Theory, 48(1), 107—
133.

WiLLiams, S. R. (1987): “Efficient performance in two agent bargaining,” Journal of
Economic Theory, 41(1), 154-172.

36



